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By introducing a duality operator in coherent algebras (i.e. adjacency algebras of coherent 
configurations) we give a new interpretation to Delsarte's duality theory for association schemes. 
In particular we show that nonnegative matrices and positive semidefinite matrices, (0, l)-matrices 
and distance matrices, regular graphs and spherical 2-designs, distance regular graphs and Delsarte 
matrices are pairs of dual objects. Several "almost dual" properties which are not yet fully understood 
are also reported. 

In his thesis, Delsarte [8] observed a formal duality in the theory of  associa- 
tion schemes which becomes an actual duality in the case that an abelian group is 
present. In this note we shall develop certain aspects of  this duality in the slightly 
more general context o f  coherent algebras. In particular, it turns out that graphs 
and distance matrices, introduced in Neumaier [12], are dual objects. 

A coherent algebra is an algebra V of  square complex v•  v-matrices (indexed 
by a set X with v elements) closed under componentwise (Schur) multiplication o 
and under conjugate transposition . such that the identity matrix I and the all-one 
matrix J belong to V. It is not difficult to show that the partition of  X •  X defined 
by the equivalence relation 

(x, y) = (x', y') iff A~r = A~,,y, for all AEV 

turns X into a coherent configuration in the sense of  Higman [I0]; conversely, the 
adjacency algebra of  a coherent configuration is a coherent algebra ([10], (2.8)). 
In particular, i f  V is commutative, X is an association scheme in the sense of  Del- 
sarte [8], and V is its Bose--Mesner algebra (of. [5], where only the symmetric case 
is treated). See also Higman [21]. 

Many properties of  coherent algebras and related configurations are formaUy 
dual and in some cases, this is due to the existence of  a duality operator. 

We call a coherent algebra V selfdual i f  there is a semi-linear duality operator 
on V such that 

A ~ = vA for all A E K  

(~A)* = ~A' for all ~EC and 

(a*)' = (Ag* for aU AEg. 

(AB)" = A*oB ~ for all A, BEE 

AEV. 

AMS subject classification (1980): 05B20, 05C50 
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Note that then A ' = ( A I ) ' = A ' o P ,  so 

I" = .7, ./7* = I "  = vI, 

1 (A'B')" 1 A'B'; (.4 o B)" = (,4"o B")" = -~r v 

in particular V is commutative. 

Example 1. Let G be a finite abelian group of order v. A decomposition of G into 
a direct product G = C t •  . . .XCt  of cyclic groups C~ of order et with generators gj 
determines a multiplicative inner product 

( x , y )  =/-/(~,Y,, if x = / - /g~ , ,  y = l l g r ' ,  

(where (~ is a primitive ef th root of unity) with the following properties: 

(x, y) = (x, y), (x, y) -1 = (x - t ,  y), 

since 

(x, yz) = (x, y ) (x ,  z), 

(x ,y)  = 1  for all y E G c * . x = I .  

{; if x = l ,  
(x, y) = otherwise, yCG 

In particular, the 
group X (G). 

The semi-linear map z obtained by extending the definition 

x ~ =  Z ( x , y ) y  with ( Z a ~ x )  ~= , ~ a x  x~ 
yEG ~EG 

to the group algebra CG satisfies 

x• = [ Z  (x, y)y]* = Z (x, y)y': = Z (x, y ) - ly"  = 
Y Y Y 

= Z Z ( x - l ,  y)(y, z )z  = Z Z (x -Iz, y )z  = vx, 
y z Z y 

(xyy = Z (xy, ~)z = Z (x ,  z ) (y ,  z)z = Z ( x , z ) z o Z  (y, z)z = x 'oy ,  
z z ~ z 

1"= Z (1, y)y = Z y. 
Y Y 

Let V be the centralizer algebra of G (of. Wielandt [18]) in its regular action (=the 
set of  all matrices that are invariant under G), V =  {A=(a~,)x,ycdax~,~,~=a~,j, for 
all x , y , z ~ G }  is isomorphic to the group algebra of  G via the isomorphism 
a = Z  a,~x--"H(a)=(axj,-Ox, j, Eo. V is a coherent algebra, and the map "r defined 

by II(a) '=II(aO is a duality operator on V. 

e I er 

Z ... Z ~  ' '  = o. 
yx~O Yt=O 

map x-~ (x, �9 ) is an isomorphism between G and its character 
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Example 2. An association scheme is of Latin square type (negative Latin square 
type) if every (0, 1)-matrix with zero diagonal contained in the Bose--Mesner algebra 
V is the adjacency matrix of a pseudo Latin square graph (negative Latin square 

pseudo 
graph). Here a negative Latin square graph is a strongly regular graph with 

p = s ( s + l )  (of. Cameron et al. [7]); in particular, imprimitive strongly regular 
/~=r ( r+  1) 
graphs (i.e. disjoint unions of cliques and multipartite graphs) are degenerate pseudo 
Latin square graphs. E.g. the points of  an affine plane (or more generally a net 
(Bruck [6])), together with a partition (2:1, ..., 2:s) of  the line directions (points at 
infinity) defines an association scheme of Latin square type by calling x, y i-th asso- 
ciates if x and y are on a line with direction EEl. See also [19, 20]. 

Define for AE V the numbers k a, d.4 by 

A J =  kAo r, A o I =  dAL 

Then for any association scheme of Latin square type, the map z with 

~" = +nA+(nT-1)- l(kAT-ndA)(nlT-J) ,  n = 

(upper s i ~  for Latin square type, lower sign for negative Latin square type) is a 
duality operator. 

Proposition 1. A commutative coherent algebra V has a unique basis Do . . . . .  Ds o f  
(0, 1)-matrices such that Do=/, D*E{Do, ...,Ds} for all i, Do+DI+. . .+Ds=J.  

Proof. Every finite dimensional commutative algebra has a basis of  idempotents. 
Let Do . . . . .  D~ be such a basis with respect to the o-multiplication. Then each D~ 
is a (0, 1)-matrix, and since DioDy=O for i~:j, the linear combination of the Dl 
representing J must be J=Do+. . .+Ds .  Similarly, D~ and I are represented by a 
sum o f D  i ( j = 0  . . . . .  s) which is seen to contain only one term, and by a suitable 
permutation we may take Do=L II 

From now on, let V be selfdual (and hence commutative). 

Proposition 2. Let T=(z~j)~,j be the matrix defined by 

8 

Then Di has row sums kj=zio, and we have the relations 

T T = v I ,  

"Cjik I = ~u,kj , .  

Proof. (D~)*= .~ ~,jDI= .~ .~  zoDtD, but also DI~=vD,, so TT=vI.  Next we 
i = o  jff io ~=o 

have 
$ 

D|oI  = ~ ~iiDioI = ~loDo = "Qo 1) 
1 = 0  
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1 
hence Di3" = ~-- (D~odT*)" = (DIoI)" = (Z~oI)" = ZioJ, giving ks = Z,o. Finally 

D[D~oI= 2 z,z(DtD.i~ = .~ zu(J,i*kj*I) ='vo*k./*I 
/ = 0  1 = 0  

since DtDjoI=&o,k : ,  hence 
1 

~ii*ki*J = (z~ = (D~Di~ = v (D[D'i)'I" = 

= 1 (D*:oDDJ = (DioD))J = "cjiDiY = "cuklar, 

since D~oD~ = D i o ~  zjlDt = ~ zjtDioDt = zjiDi; and we get gu, k :  = zj~ki. 
l t 

Proposition 3. 

(i) A has constant row sum k**A" has constant diagonal entries k. 

(ii) A is a (0, 1)-matrix of valency k ~  1 A" is idempotent of rank k. 
v 

(iii) A is nonnegative -~.A" is positive semidefinite. 

(iv) The 1 D~ are the irreducible idempotents of  V. 
V 

(v) D~ has the eigenvalues zii with multiplicity k i ( j = O  . . . . .  s). 

Proof. 

(i) AY=kJe~,A'oI=kL 

(ii) A o A = A o I - - A ' . L A ' = L A  " , -  - -  - -  trace --LA'=k, so rank L A ' = k  (since the 
V 7) V 0 V 

only cigenvalues are 0 and 1). 
$ $ 

(iii) A is nonnegative.~A=z~a~D t, and all av>-O,,A'= ~_.aiD~, and all 
i = 0  i = 0  

as ->- 0 o A "  is positive semidefinite. 

(iv) We have l--D[.l--D}=l--(DsoDj)'=!&qDT. I f  i---Dr=l--E'+l--F" is 
V V V . V V V V 

decomposition of  1 D ~  into idempotents then D~=E+F is a decomposi. 
V 

tion into (0, 1)-matrices. But Di is a basis clement so this is impossible. 

(v) DI= ~ z , j D j  implies D,= Z z o ' l D } ,  and since /--D i is idempotent, D 
j v 

has eigenvalues {q with multiplicity rank [+DO=trace(1Dj)- -k .~ .  | 

The eigenmatrices of  a commutative coherent algebra (equivalently, of  a 
symmetric association scheme) are the matrices P=(Ps(J)}td and Q=(Q,(J)}I,j 
relating the basis of  (0, 1)-matrices Di and the basis of  idempotents E~ as follows 

D, = ~, P~(j)Efi vE~ = .~ Q,(j )D i. 
j=o j = o  
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Of course PQ=vI, and by the above results, we have P=  Q=  T for a self-dual 
algebra. Conversely, a commutative coherent configuration with P = Q  is self- 
dual, since the semi-linear map z with D~ =vEi is a duality operator. 

If  11o is a coherent subalgebra of  a self-dual coherent algebra, then so is its 
dual V~; the valencies k~, multiplicities37, and eigenmatrices P', Q' of V~ are related 
to the valencies k~, multiplicities f~, and eigenmatrices P, Q of Vo by 

k [ = f ,  . f f=k~ ,  / " = Q ,  Q ' = P .  

In particular, we have 

Theorem 1. I f  a self-dual coherent algebra contains the adjacency matrix of  a strongly 
regular graph F with eigenvalues k, r, s with multiplicites 1, f ,  v - I - f ,  then it also 
contains the adjacency matrix o f  a strongly regular graph 1, with the dual parameters: 

v - k + s  s - k  
" "!,*) v ' = v ,  k'=],-- r ' =  , s ' = - - ,  - J ' =  k. 

r - - s  r - - s  

In particular, the hypothesis can only be satisfied i f  either 1" is a conference graph, 
or r - s  is an integer dividing v (then the known necessary conditions already imply 
that ( r - s ) l ( s - k ) ) .  

Proof. The eigenmatrices of F are (el. Lemma 2.2 of Cameron et al. [7]) 

p = 

! 11 I lil 11 r s , Q =  k 1 , 
- r - 1  - s - 1  gs g(s+  1) 

k l 

where l = v - l - k ,  g = v - l - f ,  and a similar formula holds for the dual. Now it 

is clear that v '= v and the relations P ' =  Q, Q '=  P give k" = f , f ' = k ,  and r '=-~--, 

s'--- - f ( r +  1) Now, using e.g. the formulas in Lemma 2.1 of Cameron et al. 
l 

[7], we find 

s ' =  f ( r +  1_______~) = (k (s+l )+ls ) (r+l )  l (k+rs)+ls(r+l)  s - k  
l ( r - - s )  l ( r - - s )  l r - - s  

and 

r ' - s '  = f ( r l + ( r + l ) k )  =-kT-(r-s) f g  = I 
r--s 

Corollary 1 (Delsarte [8]) I f  a stronly regular graph 1" has a regular abelian auto- 
morphism group then there is a dual strongly regular graph r '  such that their parameters 
are related by A. II 

Corollary 2 (Delsarte [8]). The Bose-Mesner algebra V o f  a strongly regular graph 
F is self-dual iff v=( r - s )  2 iff 1" is a conference graph, a pseudo Latin square graph, 
or a negative Latin square graph. | 
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Next we relate the adjacency matrices of graphs in a self-dual coherent algebra 
with their dual, which are distance matrices (see Neumaier [12], [13], [14]). We shall 
also establish a relation with distance regular graphs (see Biggs [4]). 

A distance matrix (Neumaier [12]) is a nonzero real symmetric vX v-matrix 
C = ( c ~ )  with nonnegative entries, indexed by a set X with v elements, such that the 
distance function d(x, y):=cxy 11~ satisfies d(x, x)=0  and d(x, z)<-d(x, y)+d(y,  z) 
for all x, y, zEX. If  C has no repeated rows then this turns X into a metricspace, 
and conversely, for every metric d on a finite set X, the matrix C :=(d(x, y)') is a 
distance matrix. A distance matrix C has degree s if C has precisely s distinct non- 
zero entries, and strength (at least) t if for all nonnegative integers i, j with i+j~_ t, 
the (x, y)-entry of  the product of  Ct0=(c~y) and C{J)=(c~y) can be written as a 
polynomialfii of degree _~min (i,j) in c~y; we write this as Cci~C(J~=fijoC. A dis- 
lance matrix C is spherical if G = v J - C  is positive semidefinite for 7>0. Distance 
matrices are closely related to spherical t-designs defined by Delsarte et al. [9]. 

Proposition 4. Let C be a distance matrix with v rows. 
O) C has strength 1 iff 

(I) CJ = kJ  for some k > O. 

(ii) C has strength 2 / f f  (1) holds and G : = k  j - c  satisfies 
v 

(2) G ~ = n G  for some 

in this case C is spherical. 
(iii) C has strength 3 / f f  (1), (2) hoM, and 

n>-0;= 

(3) (GoG)G = m G  for some m ~_ O. 

(iv) C is the distance matrix o f  a spherical 1-design iff C is spherical and (1) holds, 
o f  a spherical 2-design iff (1) and (2) hold, and of  a spherical 3-design iff (1), 
(2), and (3) hold with m = O. 

Proof. See Neumaier [12]. II 

A distance matrix which has strength t for all t is called a Delsarte matrix ([12]). 
A distance regular graph is a graph F such that the distance relation turns 

F into an association scheme. It is well-known (Biggs [4]) that a graph F of  diameter 
is distance regular iff for all i<-6 the distance-i-adjacency matrix As is a poly- 

nomial of  degree i in the (distance-1-)adjacency matrix A of F. 
For symmetric matrices AEV with constant row sums k=ka ,  we define 

Ca:=kaY--A'.  If  A is a symmetric (0, 1)-matrix, denote by F(A) the graph whose 
adjacency matrix is A. 

Theorem 2. Let AC V be a symmetric matrix with nonnegative diagonal and constant 
row sums k. Then 

O) Ca is a spherical distance matrix o f  strength 1 if/" A is nonnegative. 
(ii) Ca has strength 2 if/" A is a (0, 1)-matrix, i.e. the adjacency matrix o f  a regular 

graph of  valency k. 
(iii) Ca has strength 3 iff F (.4) is an edge-regular graph, i.e. every edge o f  F (A) is 

in a constant number o f  triangles. 
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(iv) 

(v) 
(vi) 

Ca is the distance matrix of a spherical 3-design iff F(A) is a triangle-free 

Proof. 

graph. 
Ca is a Delsarte matrix iff F (A) is distance regular. 
Ca has repeated rows iff F(A) is disconnected. 

(i) A is nonnegative =~A ~ positive semidefinite =,k,tJ-Ca is positive semi- 
definite =•Ca is a spherical 1-design. Conversely, CA is a spherical 1-design 
=~yJ-C,t is positive semidefinite for some r>O=~(y-ka)J+A" is positive 
semidefinite =~(y -ka ) l+A is nonnegative =*A is nonnegative (since A has 
nonnegative diagonal). 

(ii) Ca has strength 2r is a (0, 1)-matrix. 
(iii) Ca has strength 3r A,~A2oA=const Ac,  F(A) is edge 

regular. 
(iv) Same as (iii) with constant=0. 
(v) Ca is a Delsarte matrix 

r Q,oA (where Qt is a polynomial of  degree i) 
"~,Di=Q,(vkfl-vA)=qh(A) for some polynomial ~, of  degree ir 
is distance regular (for the last equivalence see Biggs [4]). 

~ A  has eigenvalues ka a t ,  
~3 

so CA has repeated rows iff Ca has some off diagonal elements zero iff some 
ak~0 (for k~0)  iffA has multiple eigenvalue ka iffF(A) is disconnected. | 

Remarks. 1. Similarly (cf. [15]), Ca has strength 4 iff in F(A) two points at distance 
zero, one, or two have the same number k, ;~, or /~ of common neighbours, 
respectively. 

2. The dual of a spherical distance matrix is a Fiedler matrix, i.e. a symmetric 
matrix with zero row sums and off-diagonal entries _~0. It is possible to dualize 
the concept of  strength to arbitrary Fiedler matrixes (not only to those inside a 
self-dual coherent algebra). Then the Fiedler matrices of unbounded strength are 
essentially the matrices k l - A  where A is the adjacency matrix of a distance regular 
graph of valency k. See Neumaier [15]. 

:3. In general, the actual duality in case of matrices inside a self-dual coherent 
algebra is replaced by a formal duality between ordinary matrix product and element- 
wise product, between ranks and valencies, between Gram matrices and nonnega- 
tire matrices, etc. There are more such properties which look like duals, but the 
analogies are not yet understood. We outline the basic analogies. 

For the following facts see e.g. Bannai and Ito [3]. Let F be a graph of diametei" 
s*=max d(x,y), and girth t*+ l=minimal  size of a circuit. Then t*~-2s *, and 

xpy 
equality holds iff F is a Moore graph. (This can be taken as the definition of a Moore 
graph; el. [11]). Every Moore graph is distance regular, and the Moore graphs of 
valency 2 are the polygons; there are only a few Moore graphs of valency >2,  
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and in particular, there is none for s*~3. A graph F of  diameter s* and valency k 

contains v<=v,.(k)= k ( k - 1 ) ' * - 2  points, with equality iff F is a Moore graph; 
k - - 2  

v,,(k) is a polynomial of  degree s* in k. Finally, if the valencies of a primitive asso- 
ciation scheme are ordered such that kl~k2-~...<=k, then k~+~_k,(k,- l ) ,  and 
equality implies that the graph with valency ka corresponding to the first relation 
has girth t * + l  with t*_~4. 

Compare this with properties of  a spherical set X of points, discussed in 
Delsarte, Goethals and Seidel [9]. Suppose that X has s distances and is a spherical 
t-design. Then t~_ 2s, and equality holds iff X is a tight design. Every tight design 
is a Delsarte space; and the tight designs with . f=2 are the polygons; there are 
only a few tight designs with f > 2 ,  and in particular, there is none for s_~ 12. (See 
Bannai and Damerell [1], [2]). A set X with s distances in the unit sphere of  R s 
contains 

( f W s - l l •  
w ~= ws(f) = l, s ) T I, s--1 ) 

points, with equality iff/" is a tight design; ws(f)  is a polynomial of degree s inf.  
Finally, if the multiplicities of a primitive association scheme are ordered such that 

" l  

f~<=f~_...<=.f, then it can be shown that f2<=+(f l+2)( f l -1) ,  and equality 

implies that the set of  points corresponding to the idempotent of  rankJ~ is spherical 
4-design. 

Some immediate questions arise: How to explain the analogies? Why are 
the formulae slightly different in the two cases? Is there a spherical analogue of 
kj+l~_kl(kl-1) for i~2?  Is there a Delsarte matrix analogue of  the inequalities 
ki+xki_~ ~ _ k~ obtained by Taylor and Levingston [17] for distance regular graphs? 

I want to close with some remarks on Delsarte's setting for duality. The 
basic observation is that if G is a vXv-matrix such that GG*=G*G=vl, and 

is a partition of  the columns then the matrices E~=~G~G'~ 
- j  

G=(GolGll...IG~) are 

mutually orthogonal idempotents, and hence define an algebra. Hence we might 
call two algebras of  v• dual if there is a matrix G with GG*=G*G=vl 
such that a suitable partition of  the columns gives the first algebra and a suitable 
partition of the rows gives the second algebra. Finally, we call two association schemes 
dual (in Delsarte's sense) if their Bose--Mesner algebras are dual with respect to 
a matrix G, and if, in addition, the column partition is given by the associates of a 
suitable point of the first scheme. Then it can be shown that the parameters of  a 
dual pair of  association schemes again satisfies the relations k~=3q,, f l '=ke,  P '=Q 
and Q'= P. 

In the case of  a regular abelian group, Delsarte's duality is equivalent with 
our duality, since we may take G=((x,  Y})x, yex, and the spherical point defining 
the partition can be taken to be zero. 

Acknowledgements. This paper is a polished account of  one of  a series of  lectures 
I gave in 1980 at the Teehnisehe Hogeschool Eindhoven. I recall with pleasure the 
time I spent there, supported by a grant No. B---61--99 of  the Netherlands Organiza- 
tion for the Advancement of  Pure Research (Z.W.O.), the many discussions with 



DUALITY IN COHERENT CONFIGURATIONS 6 7  

Prof. Seidel, A a r t  Blokhuis, and  the audience o f  m y  lectures who encouraged me 
to organize m y  ideas on the  subject to  a coherent  whole. I also want  t o  thank  R.en~ 
Klerx for  providing a set o f  lecture notes [16], whose last chapter  fo rmed the basis 
for the present paper.  

References 

[1] E. BArc~rAI and R. M. DAMERELL, Tight spherical designs, L .L Math. Soc. Japan, 31 (1979), 
I99---207. 

[2] E. BAm~AI and R. M. DAMEm~LL, Tight spherical designs, IL d. London Math. Soc. (2), 21 
(1980), 13--30. 

[3] E. BANNAI ann T. ITO, Algebraic Combinatorics I: Association schemes. Benjamin]Ctmamings, 
Menlo Park, Calif. 1984. 

[4] N. L. BIC~S, Algebraic Graph Theory. Cambridge University Press, Cambridge 1974. 
[5] R. C. Bose and D. M. MESNER, On linear associative algebras corresponding to association 

schemes of partially balanced designs, Ann. Math. Statist. 30 (1959), 21--38. 
[6] R. H. BRUCK, Finite nets I :  Numerical invariants, Ca.nazt. d. Math. 3 (1951), 94---I07. 
[7] P. J. CAMERON, J. M. GOETgALS and J. J. SEmEL, Strongly regular graphs having strongly 

regular subconstituents, d. Algebra 55 (1978), 257 280. 
[8] Pro. DELSARTX, An algebraic approach to the association schemes of coding theory, Philips 

Res. Rep. SuppL 10 (1973). 
[9] PH. DELSARaX, J. M. GOETHALS and J. J. SFaDEL, Spherical codes and designs, Geom. Dedieata 

6 (1977), 363--388. 
[10] D. G. HIQMAN, Coherent configurations, part I :  Ordinary representation theory, Geom. 

Dedicata 4 (1975), 1--32. 
[11] A. J. HOF~tAN and R. R. SINGLETON, On Moore graphs with diameters 2 and 3, 1BMJ. Res. 

Develop. 4 (1960), 497---504. 
[12] A. NEUtemaXR, Distances, graphs, and designs, Europ. J. Combinatorics 1 (1980), 163--174. 
[13] A. NErJMAmR, Distance matrices and n-dimensional designs, Europ. d. Combinatorics 2 (1981), 

165--172. 
[14] A. NEOMAmR, Distance matrices, dimension, and conference graphs, lndagationes Math. 43 

(1981), 385--391. 
[15] A. NEtlMAIER, Classification of graphs by regularity, 3". Combin. Theory (Set. B)  30 (1981), 

318---331. 
[16] A. NEtrMAI~, Combinatorial configurations in terms of distances, Memorandum 81----09 

(Wiskunde), TH Eindhoven 1981. 
[17] D. E. TAYLOR and R. LEWNGSTOI, t, Distance-regular graphs, in: Combinatorial Mathematics 

(D. A. Holton and J. Seberry, eds.), Springer Lecture Notes in Mathematics 686 (1978), 
313--323. 

[18] H. WmLAmYr, Finite permutation groups, Academic Press, New York, 1964. 
[19] JA. Ju. GOLf*AND and M. H. KI.IN, Amorphic cellular rings I, Investigation# in algebraic theory 

of  combinatorial objects, Moscow, Inst. for Systems Studies, 1985, pp. 32--39. 
[20] J. lb. HAYDEN, Association algebras for finite projective planes, d. Combin. Theory (Ser. A)  

34 (1983), 360---374. 
[21] D. G. HmMAN, Coherent algebras, Linear Algebra AppL 93 (1987), 209--240. 

A. Neumaier  

Institut far  Angewandte Mathematik 
UniversitSt Freiburg L Br. 
West-Germany 

88 


